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1
.

Introduction
run

Juan asked me to give a review
'

of

a project I worked on with A
.

Neitzke

and D
.

Gaiolto here at IAS from 2008-2012 .

There were 6 papers , 739 pages plus a minor

follow
-

up by Gaiolto
,

Witten and myself -

another
T

475 pages.

No one wants to read all

that
,

but allegedly there are some results
.

So I 'll sketch some of what 's there
.

Juan didn't want one particular point,

but  

a broad - necessarily superficial -

overview
.

After some back and forth
about what he wanted he told me

he wouldn't actually be here - so

blame him if this is not what

YE want
for these

papers some of the

Keywords would be :



PUTUPBEFOIIETAKKTD
=4,N=2 field theory ; BPS Spectrum ;

wall - crossing ; hyperkehler geometry ;

hyperholomophic bundles ; WKB analysis ;

Stokes phenomenon ; 145 branes ; Gd ( 2,0 ) ;
class S

'

theories ; Hitchin .

systems / Higgs bundles;

Cluster coordinates ; Fuck - Gondomar coordinates;

line } surface defeats ; interfaces ;

Spectral networks
; quantum halonomy ;

quantized character varieties;
Landau - Ginzburg

models ; AIB models
;

Categorised wall . crossing ;

Fokayaseiddca
Project starts w/ BPS states

+ W.C. in D= 4
,

Na2
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.

Quick d=4,N=2 review

{ Qi
, Qjj }= ftp.oij

{ QI
, Qps } = eapeiiE

[Do I need to explain notation ? ]

Has :={ +1 Hy = 1214 }
Olivet Witten

'
77 ; Seibogtwitten '94

Mvac = Mitigg ,

U -

- - U M
Coulomb

-

broken SUHR
Unbroken abelian

Am
Gauge symmetry

uilvn x. : →<q >

Uchr ⇒ r .dHm×lspace of vacua



Two Basic Problems

Robbery Describe LEET on

Coulomb branch
.

Problem 2 : Describe BPS spectrum
.

* Sw
'

94 +104 followup papers solves

Problem 1 for a large class of theories

* GMN solves Problem 2 for " class S
"



Milan"zgF£m
abelian gauge fields

17
±.to/w

•

•

/ U B=M=
£

Bang : cplxcodimension
one : New massless

particles
• T→B*=B - Bring local system

with imonodromy
• < 8

, ,0 .
>ez antisymmetric

•

HEy@ejHr.uZtggeZstu71usUN-2.d-4 ⇒
Zritk = Zr ,+Zk

|Eygh÷Zramplatlydetem⇒g±so



Discovery of Seiberg -

Witten + followup :

For a large class of D= 4 ,N=2 field theories

F hole family ( Eu
,

tu )
"

R.s. Hero 1- form

sit . r = A
, ( Eu

,

a ) (2)
Zycu ) = § tu

*

⇒ Solution to Problem 1
,

BUT

I do not know a general
Construction of ( Eu

,
tu ) for a

general D= 4
,

N=2 field theory .

Prods : flueOt fly
,u

kbps
,u= ¥ KBPS ,ku

Give explicit Construction of KBPS
, 8

,
u

.



3. WALL CROSSING
mum

Llpspgy depend on we B

they can change discontinuously
for two reasons :

1.) Vitt HM BPS reps pain up
to become non BPS

.

2.) Wall -

crossing .

( l ) ⇒ study
index :

"

protected spin character
"

suriz ;u)=y÷gEg*yaesxFEE⇒
)U

piecewise constant - sometimes can

even be identified with an index of
an elliptic operator . surprise ! it

jumps :

Bpsparticlescanfambpsboondstetes
CFIV § CV 1992 ; Seibert . Witten 1994



'

.

' In M
'

Ryu ) → is

¥Ckk
) ab

=/
Man

:={u/
Zr

,
HZK }

Nih prim :

Dr = I ,Rz XJCY )
Deuef

Mario"

j=Ifr, ,o . > 1 - i )

V
, ,Ve non primitive : complicated bounds totes -

F Complicated generalization : too )
" Kontsevich -

Soibelman WCF
"

- will

derive it in a nice physical way
later

.

To do that
,

and get interesting
generalizations it is quite useful

to broaden our perspective and introduce

defects + their BPS states



4. DEFECTS § THEIR BPS STATES

-
•

Line defects : Cod =3

Preserve It ¥ Susy ⇒ CHOKE OF PHASES

eg . L = Pexp $5'q+A+ SE )
{ Jiao}×R+

He = @thin
kerts , x

== - Refs'Zr
. )

⇒ Newkindof BPS state :

" framed BPS state
"

DENsaturating bnd

Frayed :

gas, 25+25
#(

Lsiyiu) : - Trend,fphn

Also have wall -

crossing - now

as functions of CU, 9)



W (8) : - { as ) / stzyoo

"
K . wall

"

on

"
Bpsanwdaayt

;m*o
}

near a K -

wall there are

halo Footespaces
: -

÷
-

¥
No interaction

, => Fock
space

/ \•r
,

•oH
.

\

HERB . . ,u"Q|R( as ,u )

to
28

ns , c.
HIS ,u ) =

<ts⇐mfylu )/g )
For total change 8

+NY
C

⇒ Fook
space appears) disappears across WK )



Surface Defects
em

me

:

Begin with a 2d N=(2,22) QFT

e.g. LGCX ,
W )

mats
k¥6 *

holosuperpoteatil.

Vacua zijsk ,
.

- -

. dwt ;) = o

sditons

#×
Central charge Zij  

= Wcfi ) - Wet; )

index
µij  = Try ,g(2J)fh←Ef

"

Wall -

crossing :

MS(ij ,jk ) c Space of W 's i

:-. { WI Zijll Zjr }



×
MS ( ij , ju )

µiu→µiu+µijµj÷
'

92

Now
suppose 2d N= &, 2) QFT

has continuous Lie
group global G

symmetry : Embed on dim = 2 surface
in IN " 3 and couple to SYM

with G -

gauge symmetry

Mti'××{ cyrttao ) }cM"
3

"
21 - 4d system

"

=) New phenomena



9 yd4Dqpan=
•

surface detect functions like a solenoid

ri r
q?← -=•⇒

New mixed degeneraciea wcr ; Bg )
F 2d4d wcf for dlij ,

W

• Line defects inside surface defeats

¥↳ ×{4,2-1 - eo) }

c- domain wall ⇒

⇒ Framed BPS states in the

context of 2d QFT : BPS States

of K -

Susy interfaces



SCORECARD
.



5.
Hyperkahlorcoeometycompaotifg

: M "2x Slr

LEET : a- model with target M Tu

v t
Tu F tons B zu

Qe=tE$s.AE#dtdOm
=

§F
On = periodic scalar

On = ftp. One

m {pQkgEnoiEi⇒Ttum
, -=

= Space of 3D vacua has HK metric : Stw
'

96



Wrap line detects on 8
'

:

t Lg > is a function on
M

GMNclain.uohI2sIks.k.u1Yk@y-tlYylu.QD

locally defined but

jump as functions of ( U ,5 )

< ↳ ) has no wall - crossing
51 has wall - crossing ,

due to halo Fode spaces ,

⇒ @, 5) crosses Wy :

. Y[ → (Hay, )sria§ ,
:= KF "

Vjn
Cluster

. like tm :
.

KS tmn
.



S.C
.

limit : R→ a
,

u→a

Yy(u,
as ) ~

exp ( Rjtttiort RSED
÷ Yst

These two conditions essentially
determine Yg as a solution to a RH

problem ⇒

l°gYy( a ,Qs ) = logystcuo, 5)

t.F.ws#le'kr.r(s.sY .

. log [ 1+8%4.gs '=ei8 't 'D

Zx , = eidrlzril
, a e {±÷

R of if .



* The Yy allow the construction

of the Hk metric on ill

.•••
WW'

=
Eis dlogtfoi ^dl°gYq

= £W40 + W
" '

+ gay
92

V ; ~
basis for P =) Yy ;

~D←bwx
Coordinates

KSWCF ensures
the metric is continuous

across MSCN
,

K )

* The equation is formally identical

to Zamalodahikov 's TBA  - no one Knows

why .

* F similar statements for 2d4d
.

leads to constructions of hyper halo

vector bundles
.

* I nice generalization of
"

Darboux

expansion
"

to yet -
1 ⇒ Non commutative

geometry .



6. DERIVATION OF KSWCF

It is useful to introduce a

formal line defect her :

F4) = ¥2,514,k,y,u ) Xr
.

Xr
,

Xr
.

= Yi "MXa+r
.

Crossing WN )

FC↳ ) →

KN
) FCL , )

€5
'

Takes into account the creahtyann .

of

Fock spaces of PBPS

particles
of change my

,
n > 0

.

example : If ftp.sy.u only HM 's :

a
- RN )KHKTy+y*tXr)

K=1



st MSCN ,k )

Rtwy
,

: Ftzspo

@¥¥##w¥¥.

Pz

Wrz : stereo

FRAMED BPS DEG 's ONLY A FUNCTION

OF POSITION ⇒

Q : FRHKCP ,
)FdKHj

'

Pz : FC2)=KH ) FG ) KTR )
"



KCP
,
) = KA

, ) -
. -

- - KCK ) } using

KHHKH ) -
-

- - Kal } End

Will hold if

#E( mark ) -
EEC niftmk )

- -

using si using Rt

this is the tfmotini ) KSWCF
.

( uni potent property of KA ) rules

out potential central term
. )



7. Important Special Case : Class 5
'

on

Here we can say
much more

.

It involves interesting questions
associated

to Hitchin systems and flat bundles on

Riemann surfaces
, hyperbolic geometry of

3- manifolds and more

"
S

"

is for six because these theories

are constructed by starting with a Gd

( 20 ) theory .
. [ Witten

'

98 ; GMN 2009 ; Gaioltsooif

Da¥ g : A - D - E Lie algebra (
ofhsemneof )

C : Punctured Riemann surface

D :

"
defeat data " at the punches

explain more below
.

Physically : 6d 12.0) theory has cod = 2

Yz - BPS defects .

We consider theory on

114
" '3xC putting defects @ punctures

filling 114113



Partial topological twist ( "

clans twist
" )

⇒ • independence of Kehler class of

metric on C

• preservation of 8/16 Susy 's
.

lim Gdfg , GD ] : - S[ of ,GD]
ACC ) - o x

Id N=2 theory .

Vacua of this theory are closely
related to Hitchin systems :

cn⇒H
' §k

L 5d SYM

S[ egad ]
fad } Middle!

Hitchin$¥
. model system

target M



5A SYM ⇒ ( with class S twist )

G -

gauge
field A on C

Cf - cpleex Iy - valued 1- form on C

F + pilqy ] - o

Jaq : =@±%+HE,%])dzrdE=o

Effect of defeat .at 2=0 :

4 ~ tzdz + reg .

A ~ xda + reg

Orbit ( r ) cafe partly characterizes

the defeat
.

Nil potent orbits ⇒ F ¢* action ⇒

Superconfomol
I important gen

's with higher order poles .



Mg ,n(C ) -

space
of coupling constants

Tgm ,D
- duality group

Coulomb branch :

{ dettol -q)=o}cT*I = pdq
turns out to be the

Salberg .
Witten come ; t =

canonical
/

SW diffl

detfet -

q ) = Itqgdmtqsl 't . . . tqn

qg
~ Kthdiffl 's

. holomnphic

ex .

with sings @ D

A. :detHI-

y )= X2*q.



8. LINE DEFECTS IN CLASS S

Vacua of ( s[G>ciD]/sk )
= Mititehin with R - dependent hk metric

< Lng ) =
halo function on M in cpkx

str
. 9

.

My = moduli of flat Get connections

CMMED with specified
"

monodromy
"

@ punctures

it = 5 'q+A +55 is flat .

From (2,%d theory we expect
F surface defects labeled by reps R

of lf . ⇒ produce a line defect

associated to closed curve Pc ¢ ,

↳ ( Rp ) €:@p



GUN

angina
R,p) > = Tz (Pe×p§A )

We saw that jumps in the

IR / Darboux expansion of line defects

lets us derive the 4d BPS spectrum .

To implement that here it is useful

to get at thee parallel transport :

Pexpsgaut

Putting 6d ( 2,0 ) surface defeat @zeC

defines a surface defeat $z in 4d theory

€⇐



defines an interface

$z
,

+
''h& )

$z# ×

We found
a way

to construct Pexpft

using
Salton degeaeracies on $z :

"

Spectral networks
"

-

leads to more math connections

and in this case an explicit

algorithm for computing RK )
.



9. SPECTRAL NETWORKS

Identify vac= of $
,

with the

points in the fiber I : E → (

⇐r
•z÷e

Z

Solitons have a Charge 8
;j

associated

to homology class of a come ztitnz 's
'

'

• Z%.

=
§y?y

.

"

= Wi - wj
"

N=2 central charge
•

µ (rij ) = Tr fi )FEPHLl($z )



SHIITE

's ) / stzr
.

.ro?HaEEI
¥#*a

Framed BPS states of interfaces

jump when crossing SIX ; ) walls :

>

•

go€°z
' '¥:

a = Z*



Spectral network is

SNG ) = { z / 7 salitm with 5¥ < o }
for theory $z

Concretely : Locally ,
choose a pair of sheets ij

then Chi- tj ,
2£ ) =

- S

defines a foliation of ¢
Look at critical foliation

Sj

I.E....

cij )
7|S;branchpoint

Sic
Grow these Comes

%
Sin

⇒
spectralnetwork's

' # ;

Wfy ) sin



Write Pexp §.tt in terms of µ :

The µ are determined from the {N
.

Defines non abelian connection TMSH
We call this the

"

nonabdionizationmap
"

Then the da#e in the sir as

We vary 5 is due to 4D BPS states :

¥f¥#
red

. i
)•

.

.,{•( -¥s EE
lifts to #



In M - theory we can fill in

a calibrated disk

⇐⇐ ⇒ 4D BPS slate

.

The connection T→ '
"

as defined

by its parallel transport jumps
in a

way
that depends on RCK . u )

The jumps depend on

R.in
a

Specified way
that allows

one

to derive R
.

This is the solution of Problem 2

above for theories of class $
.
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.

Work In Progress

a.) Categorisation

b.) Number Theory



In GMW we wanted to
go

further - beyond indices -

and construct

the BPS states themselves and understand

how they change
under wall - crossing .

It led to an elaborate theory
of interfaces between 2 D= 2 AEKR )

theories -

and a categorisation of

the C- V WCF .

Open problem : Generalize to full

2d4d system : Recently we 've been

Making some good progress
on that

with A
.

Khan
.

Stress here that there is a

categorisation of S - wall crossing
And now we have one for kwollcoossig
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FURTHER READING
mm

• GMN papers are all onthearxiv

• Short
summary

of review talk

At Intl . Cong . of Maths
.

2012 " 1211.2331

• Two short reviews by A Neitzke :

1308.2198 and 1412.7120

Summer school lecture
mites

:

G
.

Moore homepage :

¥31 GGI Lectures

¥35 PITP Lectures on
wall Crossing

#47 Felix Klein Lectures

¥84 Hamburg Higgs Bundles

A
.

Neitzke : IAS / Park .City
PCMI lectures July 2019


